A transformation of the form x → iy; x, y ∈ R, or a Darbouxal-type similarity transformation with a metric operator η are shown to transform non-Hermitian PT -symmetric Hamiltonians (with positive mass m = + |m|) into their Hermitian partner Hamiltonians (with negative mass m = − |m|) in Hilbert space.
Introduction

Recent developments on non-Hermitian Hamiltonians have documented that
Hermiticity is no more a necessary condition to secure the reality of the spectrum . Such developments are very much inspired by the nowadays known as the 1 Bender's and Boettcher's [1] conjecture in relaxing Hermiticity condition and introducing the concept of PT -symmetric quantum mechanics (PTQM). Where, P denotes space reflection: x −→ −x (i.e., parity operator) and T mimics the time-reversal: i −→ −i. More specifically, if η = PT and η H η −1 = H, then H is PT -symmetric. Moreover, if η Ψ = ±Ψ (i.e., Ψ retains PT -symmetry) the eigenvalues of a PT -symmetric Hamiltonian are real, otherwise the eigenvalues come out in complex -conjugate pairs (a phenomenon known as spontaneous breakdown of PT -symmetry).
Such a PTQM theory, nevertheless, has stimulated intensive research on the non-Hermitian Hamiltonians and led to the so-called pseudo-Hermitian Hamiltonians (i.e., Hamiltonians satisfying η H η
η is a Hermitian invertible linear operator and ( † ) denotes the adjoint) by
Mostafazadeh [20] [21] [22] [23] [24] [25] which form a broader class of non-Hermitian Hamiltonians with real spectra that encloses within those PT -symmetric ones. Moreover, not restricting η to be Hermitian (cf., e.g., Bagchi and Quesne [38] ), and linear and/or invertible (cf., e.g., Solombrino [32] , Fityo [33] , and Mustafa and
Mazharimousavi [34] [35] [36] [37] ) would lead to real spectra.
However, a conflict with the regular quantum mechanics has erupted due to the fact that the space of states is no longer a Hilbert space. That is, in a "useful" Hilbert space the usual set of functions considered for most Hermitian
Hamiltonians on the real line is L 2 (R) (whose inner product is positive definite and interpreted as a probability density in Hilbert space of states). Defining and constructing such space for non-Hermitian Hamiltonians with an appropriate algebraic structure has not been adequately settled down yet.
In the process, on the other hand, some quantum mechanical models of certain exceptional PT -symmetric complex interactions, i.e., a PT -symmetric 2 potential satisfies
just happen to have their partners that are strictly equivalent to real potentials after being exposed to some supersymmetric quantum mechanical treatment [11] or integral, Fourier-like transformation [12] . Jones and Mateo [4] 
N ; N = 4, there exists an equivalent Hermitian Hamiltonian
, where η is Hermitian and positive definite. Similar proposal was carried out by Bender et al. [3] . For more details the reader is advised to refer to [3, 4] . In our current methodical proposal, we try to have our input in this direction and fill this gap partially, at least. 
In section 3, we also discuss the orthonormalization cvonditions associated with both the Hermitian partner (not necessarily PT -symmetric) and the nonHermitian PT -symmetric Hamiltonians. An obvious correspondence is constructed, therein. This has not been discussed elsewhere, to the best of our knowledge. We conclude in section 4.
3 2 A transformation toy: x −→ iy ; x, y ∈ R A transformation of the form x −→ iy ; x, y ∈ R, would lead to the following propositions in order.
Proposition 1
The transformation x −→ iy ; x, y ∈ R would map a non-
Proof. Using equation (1), one would write (with z = iy for simplicity of notations)
This would in turn imply that
where V (y) is a real-valued function, therefore. QED.
Consequently, such proposition would, unavoidably, lead to Proposition 2 For every non-Hermitian complex PT -symmetric Hamiltonian with positive mass (i.e., m = + |m|) there exists an isospectral Hermitian (but not necessarily PT -symmetric) partner Hamiltonian with negative mass (i.e.,
Proof. Let
be a non-Hermitian complex PT -symmetric Hamiltonian (with m = + |m|) such that H x Ψ (x) = EΨ (x). Then a mapping of the sort x −→ iy ; x, y ∈ R, would imply
where
In such a case, one may very well allow negative mass setting (i.e., m = − |m|)
to recast (6) as
which is Hermitian (but not necessarily PT -symmetric) and isospectral with H x of (5). QED. Moreover, we may, alternatively, choose to recast H y in (6) as
and henceH
documenting, in this case, negative/anti-isospectrality, therefore. Illustrative examples are ample.
In the Bender's and Boettcher's [1] non-Hermitian PT -symmetric Hamiltonian, for example, the PT -symmetric potential V (x) = −g (ix) ν ; ν, g ∈ R, ν ≥ 5 2, g > 0, under the transformation x −→ iy would yield
which is a non-PT -symmetric potential. This example fits into proposition 1.
On the other hand, the complex "shifted by an imaginary constant" PTsymmetric oscillator potential (cf., e.g., Mustafa and Znojil [18] ) a companied by a properly regularized attractive/repulsive core (with the mass term kept intact)
would, under the transformation x −→ iy and with
Which is not only real valued but also PT -symmetric (with parity performing reflection about y = c rather than y = 0). In such a case, H x −→ H y where
where H y is Hermitian PT -symmetric and shares the same spectra as H x in (4) with V (x) in (11) (i.e., they are isospectral, therefore). Obviously, this example fits into proposition 2.
Of course the above were just few of the many examples available in the literature where their non-Hermitian PT -symmetric Hamiltonians find their Hermitian isospectral partners in the regular Hilbert space. In the light of the above propositions, we may observe that our simple transformation x −→ iy; x, y ∈ R, could be interpreted as a counterclockwise rotation by θ = π/2 of the full real x-axis and would, effectively, map a point z 1 = x into a point z 2 = iy on the imaginary y-axis of the complex z-plane.
A Darbouxal-type similarity transformation
In the search for a more technical metric operators' language, one may very well use a similarity transformation [5] with a metric operator
which would transform any non-Hermitian PT -symmetric Hamiltonian H PT (equivalent to H x in (4) but labeled as such for convenience) into its Hermitian partner Hamiltonian H (equivalent to H y in (7) but labeled as such for convenience) through the relation
denotes the Hermitian partner Hamiltonian in Hilbert space, therefore.
Of course one can easily show that ηxη −1 = ix (i.e., x → ix, which practically imitates our original transformation in proposition 1 above) and consequently a non-Hermitian PT -symmetric potential V PT (x) would be transformed into its real-valued (by the virtue of equation (2)) partner potential
Moreover, the proof of the isospectrality of H PT and its Hermitian partner
Hamiltonian H is straightforward and is in order. Let E n and Ψ n (x) be the eigenvalues and eigenfunctions of the complex PT -symmetric Hamiltonian H PT , respectively, then
where 
Consequently, the established connection
Which in turn yields
An obvious and immediate correspondence between the regular quantum mechanical orthonormalization condition (20) and that associated with the non-
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Hermitian complex PT -symmetric Hamiltonians (22) is constructed, therefore.
Concluding remarks
In this work, we have introduced a simple transformation, x −→ iy ; x, y ∈ R, that allowed non-Hermitian PT -symmetric Hamiltonians to find their Hermitian (but not necessarily PT -symmetric) isospectral partners in Hilbert space.
We have also introduced a similarity transformation recipe (with a metric operator η in (14) ) that proved to provide a more mathematical accessibility to the orthonormalization conditions associated with both the Hermitian (not necessarily PT -symmetric) and the non-Hermitian PT -symmetric isospectral Hamiltonians.
Moreover, the mass signature (an almost forgotten and usually deliberately dismissed for the sake of mathematical manipulation simplicity) is shown to play a significant role in the current methodical proposal. Yet, Znojil [43] in his masssign duality proposal, has observed that the non-Hermitian cubic oscillator's Hamiltonians H ± = p 2 ± m 2 x 2 + if x 3 with opposite sign mass signatures are (up to a constant shift) isospectral. For the feasibly significant role it may play, the mass term should always be kept intact with the associated Hamiltonians, therefore.
Finally, indeed many non-Hermitian Hamiltonians' space of states may no longer be a Hilbert space (i.e., at controversy with regular quantum mechanics).
However, as long as our non-Hermitian complex PT -symmetric Hamiltonians H PT ( with m = + |m|) find their Hermitian partners H (with m = − |m|) in Hilbert space, the non-Hermitian PT -symmetric quantum mechanics remains safe and deserves to be advocated irrespective with the orthodoxal mathematical (though rather fragile) Hermiticity requirement.
